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Abstract—Heterogeneous networks have emerged as a popular
solution for accommodating the growing number of connected de-
vices and increasing traffic demands in cellular networks. While
offering broader coverage, higher capacity, and lower latency, the
escalating energy consumption poses sustainability challenges.
In this paper a novel optimization approach for orthogonal
heterogeneous networks is proposed to minimize transmission
power while respecting individual users’ throughput constraints.
The problem is formulated as a mixed integer geometric program,
and optimizes at once multiple system variables such as user
association, working bandwidth, and base stations transmission
powers. Crucially, the proposed approach becomes a convex
optimization problem when user-base station associations are
provided. Evaluations in multiple realistic scenarios from the
production mobile network of a major European operator and
based on precise channel gains and throughput requirements
from measured data validate the effectiveness of the proposed
approach. Overall, our original solution paves the road for
greener connectivity by reducing the energy footprint of het-
erogeneous mobile networks, hence fostering more sustainable
communication systems.

Index Terms—Heterogeneous mobile networks, orthogonal,
energy efficiency, geometric optimization, resource allocation.

I. INTRODUCTION

HE efficiency of Radio Access Networks (RAN) is of

ever-growing importance to guarantee the combined per-
formance and sustainability of mobile networks. The increas-
ing user traffic demands, the growing number of connected
devices and objects, the emergence of new classes of services
with very strict Quality of Service (QoS) requirements, and
the surging heterogeneity of applications jointly set very high
expectations and standards for the operation of 6G RANs [[1]].
As a consequence, RAN optimization is a subject that has
received substantial attention from the scientific community,
and a wide range of problems have been explored in this
area, including how to ensure energy savings via spectral
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efficiency, transmission power minimization, base stations
(BS) deployments, and user association, among others.

Optimizing the many variables that characterize modern
RANS is especially challenging in ultra-dense heterogeneous
networks (HetNet), where macro, micro, and femto cells are
jointly deployed within a relatively small geographical area
in order to provide high wireless capacity and enhanced QoS
to the local end terminals [2]. These dense and hierarchical
deployments are today a reality, especially in populated urban
centers: Figure [T] shows an example of such a RAN configu-
ration observed in a production-grade mobile network, which
includes overlapping macro and micro cells providing cover-
age to the city center of a major European metropolis. In these
heterogeneous RAN infrastructures, a lack of optimization of
transmission powers, resource allocations, and assignments
between users and BSs might lead to high inefficiency, such
as high transmission powers and low QoS for users [3[], [4].

In heterogeneous cellular infrastructure scenarios, not only
the configurations of the RAN is especially complex, but, if
not performed properly, it also exposes the mobile network
operator to high expenditures in terms of energy costs that risk
to make the whole technology not viable from an economic
viewpoint. The problem is exacerbated in newer generation
of Radio Access Technologies (RAT) that are increasingly
demanding from an energy perspective: for instance, 5G New
Radio is known to be two to three times more energy-
consuming than its 4G equivalent [5], due to a need to face
much higher traffic volumes per user. The problem is such that
over 90% of leading mobile network operators have expressed
concerns about the rise in energy-induced operating expenses
(OPEX) [6]. It is thus unsurprising that many operators and
equipment vendors are investing significant effort on develop-
ing solutions to make RANs more energy prudent [7].

In this paper, we contribute to the endeavour of making
dense, heterogeneous RAN deployments greener, by proposing
and efficiently solving a novel joint optimization problem that
allows minimizing transmission power in orthogonal networks
composed of different types of cells, while meeting individual
users’ throughput requirements. Unlike many previous works
in the field, our optimization approach does not rely on
iterative techniques that, in general, can only guarantee local
minima through a computationally demanding search, whilst
their convergence highly depends on the initial condition selec-
tion. In addition, our problem formulation allows considering
multiple variables simultaneously, e.g., user association, re-
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Fig. 1. Real-world topology of an operational heterogeneous network de-

ployed in a neighborhood of a large European city.

the optimization problem into smaller ones in a ceteris paribus
manner, as discussed in Section

We achieve the targets above by deriving original piecewise
concave approximations of the Shannon-Hartley formula, and
consequently applying a variable transformation that enables
posing the optimization problem into a mixed-integer ge-
ometric program (MIGP) form. A differentiating aspect of
our study is also that, unlike previous works that rely on
simplistic evaluation scenarios, we demonstrate the effective-
ness of the proposed optimization framework in dependable
settings where up to 800 users generate demands modeled after
mobile network traffic measurements and served by real-world
heterogeneous RAN deployments, in the presence of wireless
channel characteristics reproduced via a high-performance
signal propagation solver.

The remainder of the manuscript is organized as follows:
in Section [l we present the related works, while the target
scenario, its constraints, and the problem we aim to solve are
analyzed in Section The mixed integer geometric program
is formulated in Section and the realistic example is
exploited in Section [V] Finally, conclusions and future works
are discussed in Section [VI

II. RELATED WORK

The approaches proposed in the literature to tackle the
HetNet resource allocation problem can be grouped into
three general classes: (i) iterative/sequential-based, (ii) global
optimization-based, and (iii) convex optimization-based. With
respect to such classification, the solution we propose may
be seen as a specific case of the third class, being based
on a suitably designed convex approximation of the original
problem. We expound on these approaches separately in the
next subsections.

A. Iterative/sequential approaches

Two types of iterative/sequential approaches can be distin-
guished. In the first one, the non-convex function is linearized
and solved approximately around a point of the optimization
space. Then, based on the solution, a new point of the
optimization space is selected and this process is repeated
until convergence is achieved. The second solves the problem

in ceteris paribus manner, splitting the problem variables into
two subsets of constant and non-constant parameters. Then, a
solution to a simplified version of the optimization problem
is retrieved considering only the impact of the non-constant
parameters. Consequently, the parameters of the two sets are
interchanged, i.e., those that were previously constant are now
variables and vice versa, and a solution for the new problem
is computed. Again, this process is repeated until convergence
to a local minimum is achieved.

Along these lines, in [8], the authors studied the problem
of joint user association and resource allocation in hetero-
geneous networks, assuming that the transmission power at
all time is the maximum allowed. A relaxation for an NP-
Hard optimization problem was developed, where the new
convex formulation is used to obtain upper bounds to the
network aggregated throughput. The authors then propose an
association rule based on users’ signal to interference and
noise ratio (SINR) levels and prove its efficacy by comparing
the optimal values obtained for the relaxed convex problem
with the one when the assignments are obtained with the
association rule. Through experiment, the authors show that
the optimal values are tight and conclude that their association
technique is a simple but yet effective rule.

Optimization problem for orthogonal frequency division
multiple access (OFDMA) heterogeneous networks is studied
in [9]] for downlink transmissions. The work proposes a joint
optimization for user association, sub-channel allocation, and
power allocation. The problem is divided into two: first, the
powers are fixed and a solution for users association and sub-
channel allocation is obtained with the Hungarian algorithm;
subsequently, the variables of the first sub-problem are fixed,
and a power allocation problem is solved with the difference
of two concave functions approximation method. Then, these
problems are solved alternately to obtain a local optimal
solution. [[10] proposes analytical solutions for association
problems subject to backhaul constraints and network topol-
ogy, allowing each user equipment (UE) at a given location
to determine its optimal connecting BS. Subsequently, an
iterative algorithm to reach the optimal load of the BS inside
the heterogeneous network is derived.

In [11]], energy efficiency (EE) resource allocation for
OFDMA heterogeneous networks with dense deployment is
studied. The proposed algorithms have as constraints min-
imum throughput for delay sensitive users and fairness for
delay tolerant users, in addition to the ones imposed by the
OFDMA technology. The resource block and power alloca-
tions problems, which are non-convex and with combinatorial
characteristics, are tackled with three different approaches,
named: mixed-integer programming formulation, time-sharing
formulation, and sparsity inducing formulation. All of them
lead to non-convex problems, which is circumvented using
successive convex approximation (SCA) methods, obtaining
the problem solution through iterative procedures.

The iterative/sequential approaches have two main limita-
tions in our context:

1) The optimal solution of sequential approaches are highly

dependent on the initial condition provided to the solver,
usually leading to local minimum. More importantly,



providing a feasible initial resource allocation for large
scale problems can be extremely difficult.

2) The calculation of the gradient (gradient based ap-
proach) or the two convex functions to represent the non-
convex constraints (DC programming) only work for
points that are close enough, i.e inside a validity region,
from the initial condition. Therefore, small steps inside
the decision variables set are taken. These procedures
might be time consuming due to possibly many itera-
tions required. Additionally, defining the validity region
size is not a trivial task.

B. Global optimization techniques

A second class of solution directly tackles the nonconvex
optimization problem by means of general global optimization
techniques, such as genetic algorithms, particle swarm/ant-
colony optimization, Lyapunov drift plus penalty techniques,
and Graph Theory based stochastic optimization [12]—[14].
These strategies have been especially studied in the context
of heterogeneous cellular networks. For a better overview on
5G resource allocation for heterogeneous networks the reader
may refer to the Survey in [[15]], where the authors present the
taxonomy and strategies applied to such scenarios.

A particular class of solutions we highlight here are those
based on neural networks (NNs) approximations. Indeed,
NNs, known to be universal approximators of a very large
class of functions, have been also applied to resource/power
allocation problems. In [16]], beamforming coordination and
sub-carriers/power allocation problems are addressed with the
neural network based algorithm transfer learning multi-agent
deep Q-network (TL-MADQN). The algorithm is able to ex-
tract knowledge from pre-trained agents (BS or channel gains)
and adapt to new networks environments, selecting the most
appropriate allocation strategy. In [17], the problem of joint
association and resource allocation to maximize the system
throughput is formulated as a mixed integer quadratically
constrained quadratic program. The authors decompose the
problem into two, and the sub-part associated to the binary
variables is solved with a neural network (NN) approach. The
proposed NN is based on encoder-decoder architecture and
makes use of the well-known long-short term memory (LSTM)
and pointer network mechanism.

Global optimization based approaches generally lead to
computationally expensive solutions. More importantly, they
usually fail to provide convergence guarantees (usually con-
verging to local optima), and they may require fine tuning of
different hyperparameters, which may be difficult in practice.
Also, they usually scale badly with the problem dimensions.
Moreover, in the case of NN-based solutions, they require
substantial quantity of data during the training phase, which
might not be available in real-world contexts.

C. Convex optimization problems

Recently, a third line of attack to the problem has emerged,
inspired by the work of Boyd [|18]]. These convex optimization-
based approaches aim at transforming the original problem by
rewriting/approximating it in a convex form. For instance, [18]

formulates a convex optimization problem based on geometric
programming (GP) to solve the problem of simultaneous
routing and power allocation in code-division multiple access
(CDMA) wireless data networks. GP is also used in [19],
where the problems of minimizing transmitter power subject to
outage probability and minimizing outage probability subject
to transmission power constraints are written in such a format.
In that work, an outage happens when the quality of service
of a user, measured in terms of signal to interference ratio
(SIR), is less than a given threshold value. Many of the
works discussed in the previous topic also apply convex
optimization techniques, however solving the problem multiple
times through successive approximation methods.

In the authors’ opinion, this latter class of approaches
represents the most promising solution to our problem for
several reasons: i) convex reformulations lead to problems
which are easily solvable with available convex optimization
tools, ii) they are guaranteed to converge to the global optimum
of the approximation/reformulation, and iii) more importantly,
they scale polynomially with the problem size.

On the other hand, this approach has not been further
developed for some technical reasons: it is in general difficult
to extend the original formulation of [18] to more complex
setups, due to the fact that the logarithmic approximation
logs(1 + ) =~ log,(y) introduced in that paper does not
easily allow for generalizations (such as optimizing the amount
of bandwidth allocated to each user), and becomes loose for
small values of . The work we present here exactly addresses
and solves these issues: by proposing a novel approximation
based on piecewise power functions, we show that we can
still obtain a GP formulation, and, by increasing the number
of approximating intervals, tightly approximate the solution.
Moreover, being based on convex programming, our solution
does not require a feasible initial resource allocation nor
training data availability.

Finally, we point out that most of the solutions proposed in
the literature aim at maximizing user throughput subject to a
fixed bound on the total power consumption. As discussed in
the introduction, we choose a different approach here, aiming
at minimizing the power consumption under constraints of
guaranteed single-user throughput. Indeed, while our approach
may be easily adapted to the problem usually considered in
the literature, since we formulate both constraints and objec-
tive function as convex functions, we feel that the problem
formulation discussed here better complies with the increasing
request of designing green and sustainable telecommunication
networks.

Notation

[n] denotes {1,...,n}. For z € R, the notation |x]| (resp.
[2]) represents floor(x) (ceil(x)), i.e. is the largest (smallest)
integer smaller (larger) than x.

III. PROBLEM FORMULATION

Let us consider a scenario where each of n users shall be
connected to one base station (BS) among N possible. The



downlink transmission rate of a user ¢ connected to a BS j
can be calculated with the Shannon-Hartley Theorem [20]):

rij = T Bjlogy(1 + 5i5(P)), 1)

where we define:

i) Pj: transmission power (W) of one resource block (RB)
in BS j Let P = [Pl,...,PN}.

ii) 7;;: throughput (bits/s) of user ¢ connected to BS j.

iii) B;: bandwidth (Hz) of BS j.

iv) x;;: resources of BS j assigned to user 7. Hence, x;; B;
can be seen as the working bandwidth assigned by BS j
to user i. We denote by = € [0,1]"*" the matrix of the
elements z;;, with z;; € [0, 1].

v) S(P): Signal-to-Interference-Noise-Ratio. It is the ratio
of the power of the wanted signal to the sum of noise
and interfering powers of the other BSs, defined as:

02+ > ks Prgik
where o2 denotes the noise power.

A few remarks are at hand regarding the considered setup.
First, we point out that our formulation considers the case
in which the total bandwidth B; of an antenna is shared
equally between a finite number of resource blocks of identical

transmission power for the same BS. This is captured in iv)

by the continuous variables x; ;, which shall be interpreted as

the percentage of resource blocks of BS j assigned to user 1.

Of course, in real-world applications x;; are discrete variables.

However, if the number of resource block is sufficiently large,

this approximation rapidly becomes negligible. Details on how

the subcarriers are divided in the considered OFDMA setup,
and on how to obtain the discrete variables values given the
continuous z;;, are provided in Section

Second, regarding point v), we note that in equation (@), P;

is the power of the BS to which the user is connected and P,

k # j are the powers of the remaining ones. The quantities

gi; and gy, represent the channel gains, which are assumed to

be known. Their estimation is discussed in Section [V-Al

Sij(P) =

A. Constraints
One of the requirements of the problem is that a user must
be connected to just one BS. To specify this constraint, we
introduce binary variables z;; € {0,1}, ¢ € [n], j € [N] as
1, if user ¢ is connected to BS 7,
Zij = .
0, otherwise.

z € {0,1}™*N is the matrix with elements z; ;. Then, the
constraints of the considered optimization problem may be
written as follows.

1) Each user must be connected to just one BS

N
>z =1,
j=1

2) A BS j cannot provide more resources than it has
available, that is:

n
i=1

i € [n]. (3)

j € [N]. “)

3) Each user ¢ has a minimum required throughput t;
(bits/s):

rij > . 5)

where ¢ € RY, is the vector with the elements ¢;.
Combining (T)) with equation in (3), the constraint (3]
can be rewritten in the following equivalent form:

N
Z [2i;Bjlogy(1 4 Si5(P))] zij > ti, i€ [n]. (6)
j=1

B. Optimization problem

The optimization problem that minimizes the BS transmis-
sion powers and meets the constraints above is written as

N

2B

j=1

st € [0, 1]V

z e {0, 1}V

P=>0

constraints (3), (@) and (6).

Note that the above optimization problem is usually very
hard to solve, since it entails a combination of binary and
continuous variables. More importantly, constraint (6) is highly
non convex, and also contains a product of continuous and
binary variables, to deal with the requirement of assigning a
user to just one BS. To tackle this last issue, we make use of a
standard optimization technique known as the Big-M Method
[21], [22].
Lemma 1 (Big-M trick): Let P; = ¥/ and define

min
z,z,P

(7

f(ij,y) = 245 Bjloge (1 + Sij(y)), ®)

where y is a vector with the elements y; and with a slight
abuse of notation we let S;;(y) = S;;(P(y)). Then, the set of
constraints in (3) and (6) can be rewritten as follows

f(xlja )>ti*M§ij7 iG[n],jG[N], (9)

Mz

Zij = N-—-1, i€ [n] (10)

j=1
where M is a sufficiently large constant.

Proof: The constraint in @]) is inactive when z;; = 1,
since f(x;j,y) > —M is always satisfied if M is chosen large
enough. On the contrary, Z;; = 0 activates the restriction and
the user’s throughput requirement is respected. Constraint
forces each user to be connected to only one BS (user 7 is
connected to j if and only if Z;; = 0). From @I), one can
write

N

Zl—ziij—L
j=1

i € [n],

N
E zij =1,
i=1



repeating constraint in (3). By multiplying @) with z;; and
summing over j, we have

N

N N
Zf(xijay)zij 2 tizzij - Mzzijzijv i € [n],
J J=1

y 1

<
Il
—

M=

f(JCij,y)Zij 2 t.

<.
Il
—

which is the constraint in (6). Then PHIO = @)-(6). Con-
versely, @ can be written as

N-1

flxij,y)zij >t — Z zir. f(xij,y), J € [N].
k#j

Since each user is connected to just one BS, we have that
ZkN?Zjl zik, = Zij, leading to

f(@ijy)zij > ti — Zij f(xi5,y), J € [N].
If constraint in (T2) is satisfied, the following is also respected:

(13)

(1)

(12)

f(@ij,y)zij > t; — zi; M, j € [N],
for M > f(xij,v), as

Note that the constraint is active when z;; = 1 and inactive
otherwise, exactly like the formulation in (9)-(I0). Then (3)-

(@)= PHIOl Therefore (@)-(6)«< PHIOl concluding the proof.

IV. MIXED INTEGER GEOMETRIC PROGRAMMING

The proposed approach is based on a piecewise power func-
tion approximation of the throughput constraint followed by
variables transformation, leading to a mixed integer geometric
program.

A. Piecewise power function approximation

A key ingredient to our approach is the introduction of a

piecewise power function (PPF) approximation. The proposed
PPF approach is a method that allows to approximate a
function with a set of m simpler concave and monotonically
increasing functions in power form. Here the approach is
employed to achieve a lower approximation of log,(1 + ),
where v > 0 represents the signal-to-interference-plus-noise
ratio (SINR). By dividing the range of « into intervals, the
original function is approximated using a family of m simpler
power functions of the form av®. This lower approximation
ensures that the resulting PPF captures the essential behavior
of the original one within each interval.
More importantly, we show how this introduced approximation
allows to reformulate the original problem into a log-sum-exp
form, thus providing a computationally efficient and tractable
representation for optimization and mathematical analysis. In
a sense, this approach can be seen as a generalization and
extension of the original approximation proposed by Boyd in
(18], who proposed to approximate log,(1 4 ) = logy (7).

Formally, we consider to be given an interval [0,7]. Then,
we divide this interval into m subintervals with extremes

0 = Y1725+ -5 Yms Ym+1 :5/7

and, for £ € [m], find m approximations of the form

ee(7) = ary™, ag>0,b, € (0,1) (14)

valid in the interval [y, ye+1]-

The parameters ag, by of this function are computed by
imposing that the function ¢, in (I4) interpolates log,(1 4 )
at the extremes 7y, y¢+1. That is, we solve for a, and b, the
following system of equations

{w(w) = ary” = logy(1+ )

(15)
Qe(ver1) = agyphy =logy (1 + Yera).

System (15) consists of a pair of equations in two unknown
variables and, as long as y,41 > 7, > 0, admits the unique
solution

_ log(logy (1 + yr11)) —log(log, (1 + v¢))

by
log(ye+1) — log(7e)

)

(16)

ag = elos(logs (14+ye41))—be log(ve+1)

The following proposition proves some key properties of
the introduced power functions.

Proposition 1: For any ¢, defined as in (I4), for ¢ € [m],
we have

1) ¢¢(0) = 0;

2) ¢y is monotonically increasing in (0, +00);

3) ¢y is a concave function in (0, +00).

Proof: Point 1 can be directly verified. Regarding points

2-3, the first and second derivatives of ¢;(~y) have the follow-
ing properties

Cl,gbg
>0, 9/ (7) =

Therefore, the function ¢, is monotonically increasing and
concave in (0, 400).

agbe(by — 1)

R < 0.

! —
Pe (’Y) - ’Ylib‘{

Proposition 2: The function () defined as in (I4), on the
interval [y¢, Ye4+1] With 0 < 4 < Yp4+1 < 00 has the following

property

we(y) > logy(1+7), v €[0,7],
@o(y) <logo(1+7), 7€ [ve,vera], (17)
@e(y) > loga(14+7), v € (Veg1,00).

Proof: 1t can be easily verified that 0, 7,, and .41 are
the only contact points between a given () and logy (1+7).
Finally, notice that since y(0) = log,(1 4+ 0) =0 and

lim ¢y () = +oo0 > lim log, (1 +7)’, (18)
v—0 v—0
the first inequality in is true in a neighborhood of the
origin.

Moreover, due to the fact that () and log,(1 + ) are
monotonically increasing and they intercept at vy, and 7,41,
second and third inequalities in also hold.
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Fig. 2. Visual representation of (a) inequalities in @) and (b) requirement
of a linear o1 ().

The meaning of Proposition [2]is depicted in Figure [J[a): the
power-function approximation ¢,(7y) (red line) is guaranteed
to stay below the curve logy(1 + ) (dashed blue line) inside
the interval [vyy,7s+1], while it is always above outside the
interval. We also note that a direct consequence of (I8) is that

@e(y) > logy(1+7), as v — 0. (19)

Therefore, the function ¢4 () used to approximate the users’
throughput around the origin, where 73 = 0 and v > 0,
must be linear, i.e, by = 1, since we cannot overestimate the
throughput capacity of a user (also note that (T6) would not
have a solution for v, = 0). The behavior of the linear function
©1(7y) is show in Figure [2| (b).

Figure 3] (a) shows the impact of the hyper-parameter m, i.e.
the number of subintervals of the piecewise approximation. It
is clear that m = 2 leads to a very conservative approxima-
tion, since its respective functions strongly underestimate the
original one, which could make the problem infeasible. On the
contrary, already m = 5 generates a far better approximation
compared to both m = 2 and logy(1 + v) =~ logy(7).
Clearly, the approximation becomes increasingly better as m
increases. The impact of the choice of m is further discussed
in Remark m Figure El (b) shows the intervals where each
of the functions are active. Furthermore, one can see that if
the active constraint is respected for a given +, the inactive
ones are simultaneously respected, since they are always
overestimated. As a consequence, solving the optimization
problem considering only the active function and its respective

. 5
3 '/
7/ 41
s O
2 i 31§
= 7 = -
= ¢ = R
1/ == log(1+y) 21 i
i loga(y) Y == l0gx(1+Y)
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— M =5 m— Active
0 T T T T T 0 T T T T T
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Y Y
(a) (b)

Fig. 3. (a) Impact of m and (b) constraints active intervals.

interval is equivalent to solving for all ¢,(y) with £ € [m]
simultaneously regardless the value of . Note also that the
first function is linear.

Remark 1 (Interval length 7): The proposed approach is
based on PPF approximations inside a given interval [0,7].
The value 4 represents an upper bound on the SINR, and can
always be found given bounds on the individual powers P;.
In practice, ¥ may be considered as a design parameter; to
this end, we note that, if ¥ is very small, the problem may
become infeasible since the set of possible solutions would
be very conservative. Conversely, a large v would require a
high value of m, due to the aforementioned reasons. Despite
the fact this might not affect the optimal value (considering
a proper approximation), it increases the computational cost
since each ¢ € [m] represents a constraint in the optimization
problem. For each new function approximation, i.e new /¢,
n more constraints must be satisfied, since it is related to
all users throughput levels, increasing the computation time.
Therefore, 7 should be set properly, so the problem is feasible
and m is not very large. Note that in case of an infeasible
problem (which could happen by not respecting the constraints
or the interval [0,4]), both m and % can be increased. In the
simulations sections we show how m may be chosen to trade-
off optimality and computational complexity.

Finally, we point out that the active interval selection for
each () does not need to follow a specific rule. For
instance, one could just divide the approximation interval into
m ones of equal length.

The importance of the proposed approximation relies in the
fact it allows to reformulate our original problem in convex
form. This is shown in the following theorem, which represents
the main technical result of the paper.

Theorem 1: Given m subintervals between 0 and 7, define
m approximating functions as follows

~ 2 g

. 0% _, Mg
fe(gj,uwij) =log | ——e™¥ 770 +
9id =

. w g
Jik 6%*(1]'*%;
9ij

?

(20)
for ¢ € [m]. Then, constraint in (6) is implied by the following



set of (possibly more conservative) m convex constraints

Bja
felgj,uij) < log(bée)

+Mz;, Ce[m],i€n],je[N].
2L
Moreover, the conservatism of this approximation vanishes for
m — 00.
Proof: By using the proposed approximation, inequal-

ity (6) can be written as

P;gij
o® + Zk;ﬁj Prgik

by
) > i, le [m]

(22)
Then, with some mathematical manipulations and taking the
log of both sides, we have

Tij ~ {Eiijaz (

2 1
t,
ap U—Pj_ bz —|—Z gl—kP P x b > B—l,
g i 9 J
o2 _1 Jik _ 1 1Og (B?}L[)
~log ngJ‘_lfijbl +D R ey | =
- - y

* k#j

With the variables transformation P; = e% and x;; = e“¥, it
is possible to write

2 wis ) wis log( = )
—log | ZeTUH 4 Z Jik qax=ai =55 | > 73 =
ij ey Gij by
then we have
R log (B ae)
f@(qjvuij) < T7 (23)

which is constraint in equation (2T)) before the Big-M Method.
It should be noticed that constraint in 23) is a log-sum-exp
function, which is convex.

B. MIGP optimization problem

The results of the previous section allow us to formulate
our main optimization problem. To this end, let I5j be the
maximum transmission power of a RB in BS j, defined as the
ratio between total transmission power of a BS and its number
of RBs. Hence, a Mixed-Integer Geometric Programming

(MIGP) problem that solves optimization problem (/) is given
by

N
> e
j=1

min
Zij, Uij,q
st el < Pj, je[N],
et <1, i€ n],je[N]
doewi<1, jelN],
i=1
R 1og<B '”)
fe(gj,uij) < — + Mz;;, (€ m],
i €[nl],j € [N]
Zij € {071}7 i€ [n]vj € [N]a
N
> zy=N-1, ic[n]
j=1

(24
Note that the above problem is a mixed-integer one (since it
contains the binary variables Z;;) which solves simultaneously
association, assignment, and the power optimization problems.
It should be noted that, for given Z;;, i.e. for given association,
the problem becomes a classical Geometric Program, i.e.
a convex optimization problem for which a global optimal
solution can be found in polynomial-time, as discussed in
the next section. This is an important remark since, as we
will see in the application section, there are many practical
situations in which simple assignment rules appear to work
rather efficiently. In such cases, our approach hence becomes
even faster and more scalable. When Z;; are problem decision
variables, only sub-optimal results are guaranteed. A more
detailed discussion on the complexity of the MIGP approach
is discussed next.

C. On the complexity of the MIGP algorithm

Geometric Programming, once transformed into its log-sum-
exp representation, can be globally solved in polynomial time
using standard barrier-based interior-point methods for convex
programming. For n, variables and n. inequality constraints,
€ convergence can be reached in a number of outer (centering)
iterations essentially proportional to log(n./¢), whereby each
outer iteration requires a number of inner (Newton) iterations
that depend on various parameters (Lipschitz constants of
gradients and Hessian) but scales very mildly as a double log
in the precision, i.e. as loglog(c/e), with ¢ a given constant.
For the Mixed-Integer GP, a locally optimal solution can be
found with branch & bound methods, which in a worst-case
scenario, increases the computational effort exponentially with
the problem size. The reader is referred to [23] for additional
discussions. On the other hand, it should be remarked that the
literature presents several (possibly heuristic) methods with
low complexity for selecting these integer parameters. Such
methods can be surely adapted to the problem at hand.



D. Sub-carrier assignments given x

In OFDMA networks, the wide bandwidth transmitted
signal is divided into many orthogonal narrow band sub-
carriers, such that they do not interfere with each other. Sets
of these sub-carriers form a resource block, which can be
allocated to the users according to their throughput require-
ments (represented by the variables z;; = [0,1]). Therefore,
after solving the aforementioned optimization problem, we still
need to assign p;; RBs to user ¢ connected to BS j given the
respective x;; computed via optimization problem ([24).

Since each RB is allocated exclusively to one user at a given
instant, p;; should clearly be an integer variable. Ideally, if a
user requires a non-integer p;;, one could just round such a
value to its smallest greater integer (ceil function). In practice
this is not possible, since the number of RBs is limited and the
ceil rounding of all p;; would lead to more RBs than the BS
can provide. Instead, we propose to solve the optimization
problem where the users’ throughput requirements and the
BSs available working bandwidth are slightly increased and
decreased, respectively. As a consequence, some of the users
would still respect the throughput requirements even if p;;
is rounded to its greatest smaller integer (floor function) and
some RBs could be allocated to those who do not satisfy such
a condition. The procedure to obtain p;; given x;; is presented
in Algorithm [1} with

e 01: parameter to increase users’ throughput requirements;

o 09: parameter to decrease BS working bandwidth;

e By: bandwidth of one RB.

Algorithm 1 RB assignemtns given x;;.

Increase/decrease throughput/working bandwidth:
Y€t <1—106y, jeN]

Solve MIGP in

for i€ [n]
J ¢+ argmax(X(i,:))
pii “ max();(()z,:))B
pij < Lpig]
else
Pij < fpiﬂ
end if
end for

Note that one needs to certify that the number of RBs
assigned to the users does not exceed the maximum available.
In case such a constraint is not respected, §; and J> can be
increased. Practically, this means that more users respect the
throughput requirement with p;; < |p;;] and more RBs are
available to users that must use the ceil function. Increasing
these parameters can lead to higher transmission power con-
sumption, since they are responsible for increasing throughput
demands (d1) and decreasing the available bandwidth (J2). In
extreme cases, the optimization problem might even become
infeasible. Consequently, they should be as small as possible.

V. APPLICATION USE CASES

We demonstrate the applicability of the proposed algorithm
in few HetNet deployments, based on the real-world con-
figuration of a production-grade RAN. To this end, we first
outline the process we followed to generate faithful HetNet
deployment replicas of an MNO in a major European city.
Next, we present how MIGP enables energy-efficient resource
allocation in a HetNet, benchmarking its performance against
other available solutions. Finally, we probe the scalability of
MIGP and of the benchmarks, as the complexity of the HetNet,
the number of users, and their traffic demands increase.

A. Realistic scenario generation

We generate our realistic scenarios based on the data
obtained from the production network of a leading MNO in a
European capital city. The data provided includes the location
of the transmitting BS and the configuration of their antennas,
i.e., the antenna type (macro or micro cell) and steering
direction, the technology for that deployment (2G, 3G, 4G,
or 5G NSA), and the corresponding statistics about session-
level traffic demands. This information allows generating a
high-fidelity digital twin of the actual network that enables
dependable assessments under realistic conditions.

For each scenario, S, abiding by the operational network
topology we choose a set of base stations, B.S;, composed of
one or more antennas, and we measure the number of sessions
arriving on a 1-minute interval of an average busy work day.
This interval represents a moment where the network operates
at higher loads, with the number of connected users and their
traffic demands reaching their peak values. We do not access
individual users data in order to comply to privacy rules of
the country where the network is located; instead, our data is
aggregated at BS level with 1 minute granularity. This means
we cannot simply replicate the session-level values, but need
to rely on statistics from the measured values.

For each scenario S, we estimate the number of session
arriving at each BS; during the time interval of a busy work
day. From this, we calculate the shares of sessions belonging to
each mobile applications, obtaining a heterogeneity of session
demands in each scenario, since each mobile service has
its own characteristic traffic load. For each expected session
arriving at B.S;, we estimate traffic and duration (and thereby
throughput) according to the demands of the corresponding
mobile service. These demands are calculated based on the
statistics collected at BS level across the network over multiple
months, which allows us to reliably estimate the session-
level traffic probability distribution function of each mobile
service, which we use to generate samples of traffic consumed
by each session. In this regard, this methodology not only
respects the architecture of a major operational network but
also the expected density and spatial distribution of users,
while complying with user-privacy rules.

Each generated session is assigned to an individual user
placed in a random location, lying within the covered area
of s-th HetNet topology, determined initially by a Poisson
random point process but with additional conditions to respect
the boundaries of the street layout of the topology (as to not



allocate too many users unrealistically inside buildings). We
note that while looking at the traffic and solving the problem
for each BS;, we consider the full coverage area attributed to
all 5G NSA-enabled antennas comprising each 5.5;.

To evaluate the received signal distribution within the cov-
erage area of each B.S; we employ a ray tracing simulator
which allows us to carefully emulate the electromagnetic
wave propagation in the urban fabric [24], [25]. That enables
us to quantify the interaction of the waves with objects in
the propagation environment and to have accurate estimates
of the channel gains g; ; required to evaluate equation (2).
To conduct the site-specific ray tracing simulations for each
HetNet topology, we fetch from Open Street Maps information
related to the urban environment, such as the city layout and
building height, the terrain type, and the foliage. Then, we
place antennas and configure their properties according to
the specifications provided by the MNO. A HetNet topology
with 1 macro (BS3) and 4 micro BSs is shown in Figure
[l depicting how the signal emitted by each BS propagates
within the urban fabric, and how the micro BSs compensate
for the low signal level of the macro cell at larger distances.
It is worth mentioning that macro cell B.S5 is composed of 3
directional antennas, while the remaining micro cells contain
a single antenna with an omnidirectional radiation pattern.

In total, we consider 5 scenarios to evaluate the optimization
algorithms, each one assuming different spatial and network
complexities. Scenario S7 is a downtown location that will
be used in our comparative analysis in Section and
IV-Cl containing 1 macro cell and 4 micro cells located in
the historical center in the downtown area of the city under
consideration. The remaining 4 scenarios are utilized in the
scalability analysis in Section where we expound on the
resilience of MIGP at a variety of different HetNet topologies
spread throughout the city. Scenarios S2 and S3 build on the
HetNet operating at the same downtown region of S7, but we
increase the number of micro BS to 7 and 8, respectively,
to evaluate the scalability of our solution in denser network
configurations. Scenario .S, represents a less dense HetNet
topology located by the river side of the city, consisting of
1 macro and 2 micro cells. Finally, scenario S5 is on an area
at the hill side of the city, composed of 3 macro and 2 micro
cells. All scenarios consider BSs that are 5G NSA-enabled.

The MIGP depends on the hyper-parameters presented in
Table [l The utility of each one was discussed on previous
sections. The values of a, and b, allow a piecewise concave ap-
proximation of logy (14 .S;;(P)) when S;;(P) € [0, 513.85].
Despite the fact there is no closed-form for setting §; and
02, we did so by gradually increasing both and checking if
the solution to the largest scenario (800 users) could respect
the maximum number of RBs (500/BS). Then, the parameters
that provided a feasible solution to the largest scenario (61 =
0.05 and d5 = 0.16) were also used for all others. d5 > §;
because by experimental results, we verified that the Jo has
more influence on providing a solution inside the physical
network limitation on the number of RBs.

TABLE I
OPTIMIZATION PROBLEM HYPER-PARAMETERS.
Hyper-parameter [ Value

o1 0.05

02 0.16

M 108
ag, £ € [m] [1.408, 0.7330, 1.3150, 1.9061, 3.1232]
be, £ € [m)] [1, 0.7821, 0.4201, 0.2589, 0.1697]

Fig. 4. Channel gains provided by BSs and the full scenario for Sy.

B. Qualitative performance analysis

Initially, we demonstrate the applicability of the proposed
framework to a single HetNet deployment of scenario S,
benchmarking the performance of MIGP with other available
approaches typically employed for user allocation. To this end,
we consider a 5G new radio (NR) access network operating at
3.5 GHz with 500 resource blocks, utilizing an OFDMA tech-
nique with 100 MHz of bandwidth. As previously mentioned,
S consists of 1 macro and 4 micro BSs that accommodate the
throughput requirements of 400 users, bounded between 1.35
Kbps and 18.72 Mbps. Pushing for greener communications,
via MIGP we aspire to minimize the total transmission power
of the HetNet. The noise power is set to -174 dBm/Hz.

The resulting assignment, Figure [5] shows a clear tendency
of connecting the users to the BS providing the highest channel
gain. We also note on the map a pattern of users being
mostly around the outside of buildings, which is amplified

®Z; @7 @® Macro
Zi2 %4 @7Zs 4+ Micro
- L]
e Var's
L] .‘I

Fig. 5. Users’ assignment after MIGP optimization for Sy.



TABLE II

NUMBER OF USERS CONNECTED TO EACH BS FOR Sl.
BSj | n; RBj P; (W) | PP w)
j=1 ] 43 423 0.2894 x 103 0.1224
j=2 | 161 495 0.7117 x 10—3 0.3523
j=3 | 142 490 0.6535 x 103 0.3202
j=4 | 24 413 0.0038 x 1073 | 1.5694 x10~3
j=5 | 30 435 0.2151 x 10=3 0.0936

j.V: 1 | 400 2256 0.0019 0.8901

by the propagation loss experienced by 3.5MHz communica-
tion inside buildings. As previously explained, the working
bandwidth variables in x are relaxed to a continuous domain,
but in practice we need integer numbers p;; representing the
number of resource blocks made available to a user. Therefore,
after solving the MIGP, such a conversion is done by using
Algorithm [T} The number of users n; connected to BS j, the
number of RB used in each BS, and the respective transmission
powers are provided in Table P]-TOt stands for the total
transmission power of BS j (each RB consuming P; Watts).

C. Comparison with global optimization approaches

Since our proposed approach deals simultaneously with
the variables x,z and P, we can compare it with some
standard procedures performed in realistic network scenarios.
As described in [8]], the users’ association can be done with
simple rules, such as Received Signal Power or Maximum
channel gain, defined below.

o Received Signal Power (RSP): a user 7 is associated
to the base station j that maximizes the product be-
tween transmission power and channel gain, i.e., j =
arg max;(g;; P;).

¢ Maximum channel gain (MCG): a user ¢ is associated
to the base station j that maximizes the channel gain
between ¢ and j, that is, j = arg max;(g;;).

Note that these simple association rules provide a matrix z.
Therefore our problem becomes a geometric program (GP),
which is convex. In Figure [f] we used the MCG rule and
refer to this situation as (GP + fixed z;;). For S;, where each
base station j have n; users assigned via association rule, the
resources can be equally shared between the UE according to
o %j’ if Zij = 1, Vi € [n], Vj S [N]

* 0, otherwise.
This situation is referred as (GP + fixed z;;,z;;). We also
compare our approach with its early stage (without Big-M
trick, piecewise concave approximation, and variables trans-
formation) given by optimization problem (7). Since this is
highly non-convex, finding its optimal solution is not trivial
and in general just local optimal is achieved. To deal with this
problem, we adopt a general global optimization approach. In
particular, we compare our MIGP approah with one of the
state-of-the-art commercial software for global optimization,
currently utilized by main players in network optimization use:
the package MIDACO (Mixed Integer Distributed Ant Colony
Optimization) solver is able to solve mixed integer non-linear

o\. 10-6
® OP (7) + MIDACO —_
g 10-2 1 GP + fixed z, x;; = §
- O 4GP + fixed z; 107

[
5] o o MIGP =
21024 O v | 0 o
s &
R4
104 + )
| ‘ | | | 1077
50 70 100 150 200

Number of users

Fig. 6. Optimal value as a function of number of users in the network for
different approaches for Si.
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Fig. 7. Number of users connected to each BS of S; for (a) OP(7) +

MIDACO, (b) GP + fixed z;; and (c) MIGP.

programs with discontinuities, non-convexity, and stochastic
noise. More details on MIDACO are given in [26].

In Figure [6] the optimal value considering the situations
described above is calculated for different numbers of users
connected to the network during .57, keeping the % of sessions
across mobile applications consistent to respect traffic dynam-
ics. The corresponding KWh consumption if the power levels
are kept constant for our network snapshot are also shown.
The number of users associated to each BS is in Figure [7]

From these results, a series of keypoints can be highlighted.

1) GP+fixed z;; X MIGP: the assignments and the cor-
responding optimal values obtained with MIGP and
(GP + fixed z;;) are almost the same for this net-
work. This happens because the BSs are directional and
without large cross-interference, as shown in Figure []
Physically, one could say that the BS deployment is
good, which was expected since the data set is from a
realistic scenario from a major European city. Regarding
the optimization problem point of view, assigning the
users according to the MCG rule makes the problem
considerably simpler, since it becomes purely convex
(can be solved globally and efficiently) and the number
of problem variables is reduced, since z would be known
in advance. However, there is no guarantee that using
the MCG rule in a network where the cross-interference
between BSs is large might be a good option. In such a
situation, solving the MIGP is more appropriate.

2) OP ([7)+MIDACO: as already discussed, the problem in
its most natural format is highly non-convex. We solved
it with MIDACO considering that the stop condition is
true when the optimal value converges and the initial
condition is given by the lower bound of each variable.
One may notice that the results obtained with both
MIGP and (GP + fixed z;;) are considerably better in



TABLE I
COMPARISON BETWEEN GP AND SEQUENTIAL APPROACHES.
n =30 n =40
Tech. t(s) > b t(s) >, b
GD; 217.9 0.2650 266.7 0.2650
GD> 2230.5 0.2651 2677.5 0.2651
DC; 471.7 1x10-3 550.5 1x1073
DCy 47019 6.52x10~* | 5436.8 7.02x 10~*
GP+fixed | o 168x10-4 | 83  1.98x 104
Tij. Zij
GP ;’_f_i"ed 61 583x107° | 82  6.75x10°5
ij

terms of optimal value when compared to (OP (@) +
MIDACO). Therefore, the piecewise concave approx-
imation followed by the variables transformation are
indeed efficient mathematical tools to pose the problem
in a more suitable format.

3) GP+fixed z;;, z;;: fixing the working bandwidth = of
users considerably degrades the optimal value, since
each one has specifics throughput requirements and
channel gains. Furthermore, for n > 150 the problem
becomes infeasible, therefore sharing such a resource
equally between users is not a good choice and « should
remain as problem variable. Note that the approach of
fixing @ is rather common in the literature [27].

D. Comparison between GP and sequential approaches

Parallel to the previous analysis and comparison with global
optimization methods, we also performed some numerical
comparison between our approach and two “classical” iterative
solutions: i) a successive linearization approach and gradient
descent (GD), and ii) a more sophisticated DC-programming
approach. In both cases, to perform a fair comparison, we
considered the case of fixed assignment, that is case 1) above,
with fixed Zij-

For the GD case, a classical linearization of the function

P;gij
logy | 1+ —
52 ( 0%+ Zk;ﬁj Prgir

around the current feasible point is performed. For the second
case, we used a difference-of-concave (DC) functions approx-
imation of the form

Pjgi;
log, | 14 It ~
? ( o? +Zk;&j Prgik

N

IOgQ 02+ijgij
j=1

= h(P(0)) = VA(P(0)) " (P~P(0)),

with h(P) = log, <c72 + Dkt Pjgij> and P(0) being the
point around which each linearization is calculated.

Due to the limitations of sequential approaches discussed
in we set the constraint ||P — P(0)||oc < 107 for GD;
and DCy, and ||P — P(0)||c < 1075 for GDy and DC,. The
initial condition for the GD, DC, and GP approaches were
determined as:
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Fig. 8. Channel gains and antenna placements for (a) dense downtown
deployment of scenario S3, (b) the less dense river deployment of S4 and (c)
the hill deployment of Ss.
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Fig. 9. Power consumption Z;'v:1 P; for different networks.

1) each user is associated to the BS providing the highest
channel gain (all techniques);

2) the amount of bandwidth allocated to a user is propor-
tional to the respective throughput demand, according to
(GDS, DCS, GP + fixed Zij, Zij)l

123 )
N s €[N
ST ) (V]

3) P; =0.08 for all j € [N] (experimentally verified as a

feasible initial condition- GDs and DCs).

The obtained results are presented in Table [[LI} Note that our
approaches (GP + fixed z;; and GP + fixed x;;, 2;;) provide
not only dramatically better optimal values, but also requires a
substantially smaller runtime. Additionally, the scenarios have
just 30 and 40 users because of the complexity in finding
initial feasible resource allocation for larger cases, which is
necessary for GDs and DCs.

CL‘ij =

E. Scalability of MIGP across different network topologies

Finally, we test how MIGP performs across different net-
work topologies, which offer variations on the number of BS,
density of the deployment, number of users and propagation
paths due to the geography of the city. We exemplify the
scenarios through Figure @, which shows downtown scenario
S3 (over same area as S7 and S5, but with more BS), river
scenario S; and hill scenario Ss.

Figure [0] compares the optimal values obtained with MIGP
and OP (]Z])+MIDACO for the 4 network scenarios, i.e., distinct
throughput requirements, channel gains, number of BS, and
users. In all cases, the MIGP leads to better results.

The results above show that MIGP, contrary to OP
(7)+MIDACO, is able to provide feasible solutions even
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Fig. 10. Optimal cost Z;\]zl P; and execution time for different values of m.

for scenarios with considerable numbers of BSs and users.
Since the association variables are naturally binary, increasing
the number of BSs is computationally more expensive than
increasing the number of users. However, as previously ex-
plained, in environments with good BS deployment (not large
cross interference), the MIGP generally associates a user with
the BS providing the respective highest channel gain. When
using simple association rules, the problem becomes purely
convex and can be solved globally and efficiently.

F. The impact of m on the optimal value and optimization
runtime

As previously discussed in Remark [I] the number m of
concave power functions used in the PPF approximation
has an impact both on the goodness of the approximation,
and consequently on the obtained optimal value, and on the
optimization problem complexity, and thus on the solution
runtime. Therefore, the choice of m should obey a trade-off
between accuracy and computational complexity. In particular,
we run experiments varying the number of functions m,
considering network scenarios with 50, 100, and 200 users.
As presented in Figure [T0} small values of m lead to solutions
with lower execution time, however higher values for the
objective function. Conversely, for values of m greater than
15, the time to compute a solution increases without yielding
significant improvement on the BSs transmission powers.

Analyzing the optimal values plots of Figure[T0] we observe
that the value m = 5 may be considered a good trade-off, since
it represents the point where the curve changes its slope. More
generally, we suggested choosing values of m in the interval
5-10.

VI. CONCLUSION

This research paper introduces an innovative approach to
address the challenge of minimizing transmission power in
OFDMA heterogeneous networks while ensuring individual
users’ throughput requirements are met. The proposed method
is formulated as a mixed integer geometric program, leverag-
ing the Big-M method to handle the problem’s combinatorial
nature. Additionally, a piecewise power function approxi-
mation of the Shannon-Hartley Theorem is employed, fol-
lowed by variable transformation to tackle the problem’s non-
convex characteristics effectively. The optimization problem
involves determining the optimal users’ working bandwidth,
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base station (BS) transmission powers, and users’ associations.
Remarkably, unlike many existing methods, this approach does
not rely on successive or iterative algorithms and does not
necessitate prior knowledge of a feasible initial condition
for the problem. Moreover, it is shown that the problem
becomes convex when simple users’ association rules are
employed. The effectiveness of the proposed optimization
problem is demonstrated through extensive testing in a highly
realistic scenario with a considerable number of users. Channel
gains are calculated using a high-performance propagation
solver, ensuring a practical evaluation. Looking ahead, we
plan to extend our work to include the temporal aspect of
the network, accounting for user mobility, varying channel
gains, positions, and transmission power over time. In such
dynamic scenarios, the challenge of users’ handovers will be
a critical consideration to address. Additionally, the scenario
where the users are served by more than one BS also relies on
the SINR calculation, which we converted to the log-sum-exp
convex formulation. Therefore, we plan to extend our proposed
approach to those cases as well. Overall, this paper presents
a promising optimization approach for enhancing the energy
efficiency of heterogeneous networks while accommodating
the increasing demands of connected devices, paving the way
for greener and more efficient cellular networks in the future.
We plan to share our code, so the MIGP can be easily
compared to other approaches in the literature.
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